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Abstract
We analytically calculate the transverse energy fluxes that would be respectively induced in high-
power Airy beams by the Kerr self-focusing and the Airy profile itself if they were the only active
process. In experimental condition representative of laser filamentation experiments of high-power
ultrashort laser pulses in air and condensed media, the Kerr lens induces transverse energy fluxes
much larger than the Airy ”prism” at the main peak. As a consequence, the curved plasma channels
in Airy beams are not only a plasma spark on a curved focus, but indeed self-guided filaments, and
their curved trajectory appears as a perturbation due to the linear Airy propagation regime.
PACS numbers: PACS: 42.65.Jx Beam trapping, self-focusing and defocusing; self-phase modulation;
42.15.Dp Wave fronts and ray tracing
∗Electronic address: jerome.kasparian@unige.ch
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I. INTRODUCTION
Airy beams are non-centrosymmetric, non-diffractive beams [1, 2] providing an appar-
ent curved propagation. This lateral acceleration stems from their two-dimensional spatial
intensity and phase profile:
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where E is the electric field enveloppe, x and y the transverse coordinates, z the propagation
coordinate, x0 is an arbitrary transverse scale (typically of the order of the diameter of the
main peak at z = 0), k = 2pi/λ is the wavenumber, λ the wavelength, and a a damping
coefficient. Ai(u) = 1
pi
∫∞
0
cos (t3/3 + ut) dt is the Airy function of first kind, solution to the
differential equation v′′ − vu = 0. At z ∼ 0, a significant fraction of the light intensity is
localized in a main peak of width on the order of x0 on one side of the beam profile. The
remaining intensity spreads on the other side in a wide trail featuring oscillations with a
slow damping (Figure 1a). The phases of these intensity oscillations are alternatively 0 and
pi (Figure 1b), so that their interference results in the well-known curved trajectory of the
main peak. Since the trail simultaneously spreads away from the beam center of mass, the
latter still propagates on a straight line, so that the Ehrenfest’s theorem is not violated [1, 3].
A ”true” Airy profile (a = 0) bears an infinite power due to a non-converging transverse
intensity integral on the trail side. As a consequence, practical realizations correspond
to the range 0 < a ≤ 0.3, where the typical Airy beam behaviour, especially the lateral
acceleration, is maintained over a finite propagation distance. This distance decreases for
increasing values of a until the Airy behaviour disappears above a ≥ 0.3.
Although Airy profiles have been known for decades, they have attracted considerable
interest recently, following the first experimental realization [2] of an Airy-shaped optical
beam. Such realization opened the way to applications such as the transport of particles or
their sweeping out of a predefined volume [4]. The interest further rose with the generation
of an Airy beam at a high intensity [5], sufficient to observe plasma channels. Close to
z = 0, the main Airy peak concentrates most of the beam energy on around 1% of the
surface of the beam profile. As a consequence, one could expect that the Airy propagation
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FIG. 1: (a) Intensity and (b) Phase of a typical two-dimensional Airy profile with a damping
coefficient a = 0.1, at a propagation distance z = 0, for x0=1 mm
regime acts like a linear focusing resulting in a plasma spark at the main peak, playing the
role of a (curved) linear focus. Alternatively, the observed curved plasma channel could be
seen as the result of self-guided laser filamentation [6–10] with a trajectory bent by the Airy
profile. Filamentation is a non-linear propagation regime observed for high-power, ultrashort
laser pulses. It stems from a dynamic balance between Kerr self-focusing of the beam and
defocusing by the self-generated plasma at the non-linear focus. This process occurs in the
most intense region of the beam profile, therefore on the main peak in the case of an Airy
profile [5].
The Kerr effect, at the root of filamentation, acts as a Kerr ”lens” which tends to establish
an inward-pointing energy flux towards the most intense region of the beam profile. On the
other hand, the propagation of a beam with an Airy profile is characterized by an outward-
pointing displacement of the main peak, hence in an energy flux oriented towards one side
of the beam. Recently, we suggested that a combination of Kerr- and Airy-generated energy
fluxes governs the filamentation within Airy beams [11].
In this paper, we quantify the relative effects of the Airy profile and Kerr lens on prop-
agation, and more specifically on the transverse Poynting vector, i.e. the transverse energy
flow. We show that the Airy profile acts like a prism and induces a much smaller transverse
Poynting vector than the Kerr lens. This domination is stronger in usual condensed media
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such as water or glass, and even higher in a highly non-linear medium such as CS2. We
therefore conclude that self-guiding actually occurs within the main Airy beam, so that one
can actually describe the curved plasma channels observed by Polynkin et al. [5] as curved
self-guided filaments.
II. RESULTS AND DISCUSSION
We evaluated the transverse energy fluxes that would be respectively generated by the
Kerr lens and the Airy profile, if they would be the only process at play in the propagation
of the pulse. They are defined at any location in space by the transverse component of the
Poynting vector ~Π = 1
µ0
~E × ~B, which in the paraxial approximation, amounts to:
〈
~Π⊥(x, y, z)
〉
=
1
k
I(x, y, z)~∇⊥φ(x, y, z) (2)
where I is the local intensity and φ the local phase of the beam. The phase shift of a
temporal slice of the pulse due to the Kerr effect is given in the paraxial approximation
and at any (x,y,z) by φ(Kerr) = kn2
∫ z
0
I(x, y, z)dz [8, 9]. Here n2 is the nonlinear refractive
index (n
(air)
2 = 2.4 × 10−19 cm2/W in air [13]). The Kerr effect is most efficient where
the intensity is strongest, i.e. close to z = 0 on the main peak of the Airy profile. If
filamentation is initiated, it will maintain the intensity (and hence the Kerr lens) at high
levels over its whole length. We therefore focus our analysis below on the highest-intensity
region where the conditions are more favorable to the onset of filamentation, and consider
that, if filament occurs, the discussion can be extended to the whole filament length. Over
a short propagation distance around z = 0, we may neglect the longitudinal variation of the
intensity and write φ(Kerr) ≈ n2Ikz. As a consequence, the Poynting vector that would be
induced by the Kerr lens alone is:
〈
~Π
(Kerr)
⊥ (x, y, z)
〉
=
1
k
I(x, y, z)~∇⊥ (n2I(x, y, z)kz)
= n2I(x, y, z = 0)z~∇⊥I(x, y, z = 0) (3)
where I is the intensity of the Airy field enveloppe as defined in Equation (1).
In the region close to x = 0, y = 0, where the main Airy peak lies, a numerical analysis
shows that the local Taylor series deviates quickly from the Airy function because the steep
4
4
3
2
Tr
an
sv
er
se
 p
oy
nt
in
g
 v
ec
to
r (
W
/m
2 )
y (
m
)
x (m) x (m)
Tr
an
sv
er
se
 p
oy
nt
in
g
 v
ec
to
r (
W
/m
2 )
y (m
)
FIG. 2: Norm of the Poynting vector that would be respectively generated by (a) Airy and (b) Kerr
contributions on the main peak if they were the only process at play. The calculation is performed
in air, for a = 0.1, x0 = 1 mm, z = 1 mm, λ = 800 nm, I = 5× 1017W/m2.
peaks in this region (See Figure 1) result in strong values of the successive derivatives. In
contrast, the asymptotic development of the Airy function near to +∞ provides a good
approximation of the phase gradient of the Airy profile even close to the origin, because the
smooth shape of the function beyond zero corresponds to very small values of the derivatives
over this whole region. As a consequence,
Ai(u) ∼
u→∞
e−
2
3
u3/2
2
√
pi u1/4
(4)
so that, to the first order in the transverse coordinates x and y, the Airy profile tends to:
EAiry(x, y, z) ∼
x,y→∞
√
x0
e
ax+y
x0
− 2
3
[(
x
x0
)3/2
+
(
y
x0
)3/2]
+i
(x+y)z
2kx30
4pi(xy)1/4
(5)
As a consequence, as soon as z/kx20 and a are small compared to x and to 1, the phase
of the Airy profile is given by:
φAiry(x, y, z) ∼
x,y→∞
(x+ y)z
2kx30
(6)
Since the phase depends linearly on the transverse coordinates x and y, the Airy regime is
equivalent to inserting a prism with an apex angle proportional to z, on the path of the main
peak. The transverse Poynting vector that would be induced by the Airy profile considered
alone then writes:
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FIG. 3: Ratio η of the norm of Poynting vector that would be respectively generated by to the
Kerr lens and the Airy prism if alone. The calculation is performed in air for a = 0.1, x0 = 1 mm,
z = 1 mm, λ = 800 nm, I = 5× 1017W/m2.
〈
~Π
(Airy)
⊥ (x, y, z)
〉
=
1
k
I(x, y, z)~∇⊥φAiry(x, y, z)
≈ z
2k2x30
I(x, y, z = 0) (~ux + ~uy) (7)
where ~ux and ~uy are the unit vectors along the x and y axes, respectively. Figure 2 displays
both |~Π(Airy)⊥ | and |~Π(Kerr)⊥ |, given by Equations (3) and (7), in the region of interest to our
study and for x0 = 1 mm at a wavelength of 800 nm. Poynting vectors are non-additive
because of interference effects, so that these two values cannot in principle be considered as
two independent components of the total Poynting vector at play in a nonlinear Airy beam.
However, their ratio (Figure 3) can be seen as an indication of the relative efficiency of the
Airy prism and the Kerr lens in the considered region. This ratio amounts to:
η(x, y, z) =
Π
(Kerr)
⊥ (x, y, z)
Π
(Airy)
⊥ (x, y, z)
≈
√
2k2x30n2|~∇⊥I(x, y, z = 0)| (8)
The transverse dependence of η for z
kx20
 1 is only governed by the intensity profile.
Moreover, η is to the first order independent from z. We numerically checked this indepen-
dence for 0 < z ≤ x0 and 0 ≤ a ≤ 0.5. Moreover, Equation (8) confirms that η is highest,
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FIG. 4: Ratio η of the norm of Poynting vectors that would be respectively generated by the Kerr
lens and the Airy prism if alone. The calculation is performed in air at the location of maximum
intensity gradient, as a function of a, for x0 = 1 mm, z = 1 mm, λ = 800 nm, I = 5× 1017W/m2.
where the intensity gradient is strongest. As a consequence, the Kerr lens most likely to
dominate the propagation, in this region. We calculated the η ratio there, as a function of
the attenuation factor a, for an intensity of 5×1013 W/cm2 typical of the intensity clamping
in laser filaments in air [12]. As clearly appears on Figures 3 and 4, η  1 for any value of
a allowing an Airy acceleration of the main peak. In other words, the Kerr effect and its
associated self-guiding of laser filaments are strong enough to occur within the main Airy
peak in spite of the lateral acceleration that it is experiencing. This provides a clear evi-
dence that the curved plasma channels observed by Polynkin et al. [5] are not just ionization
at the high-intensity main peak of the Airy profile, but indeed correspond to self-guiding
within this peak. The Airy propagation regime acts like a perturbation on this self-guiding.
This perturbation results in a curved trajectory, in a way similar to turbulence deviating
the filaments without destroying them [14]. One can therefore consider that filamentation
and transverse Airy acceleration, hence the Kerr lens and Airy prism, are decoupled to the
first order and impose their effect on the beam almost independently from each other. This
decoupling is favored by the fact that the Airy- and Kerr-generated Poynting vectors have
very different magnitudes, which prevents them from efficiently interfering.
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η is directly proportional to both n2 and the intensity. It therefore strongly depends
on the propagation medium. While I is clamped to 5 × 1013 W/cm2 in air [12], the non-
linear refractive indexes of glass and in water are n
(glass)
2 = 3.2 × 10−16 cm2/W [15] and
n
(water)
2 ≈ 2.7 × 10−16 cm2/W [16], respectively. The intensity in self-guided filaments in
those media is clamped around I ∼ 15 TW/cm2[15]. The η ratio is therefore 1000 times
higher in condensed media as compared with air. In CS2, n2 is typically 100 times stronger
than in water [17]. Although experimental values of the clamped intensity have not been
reported to date, we can expect that it will be comparable to that in other condensed media
like water or glass. As a consequence, η will be close to 108. With such high domination
of the Kerr lens over the Airy prism, their decoupling might be challenged, which could
affect the trajectory of the main Airy peak, or even lead the filament to leave the curved
trajectory. The description of this propagation regime is out of scope of this paper. However,
an experimental study as well as two- or three-dimensional numerical simulations would be
of high interest to describe it in more detail.
The influence of wavelength on η is mainly due to the k2 factor of Equation (8), since the
variation of n2 with wavelength is smooth. However, since η  1, sweeping the wavelength
from the NIR to the near UV will not invert the ratio of the influences of Kerr lens and Airy
prism. Equation (8) also shows that η is proportional to x30. As a consequence, large beam
sizes correspond to a higher Kerr-induced Poynting vector. While the numerical examples
above correspond to x0 = 1 mm, Airy peaks of dimensions comparable with those of a
filament (hence, x0 ∼ 100µm) would result in comparable magnitudes of the effects of the
Airy and Kerr contributions in air. In this case, interferences may become significant and
one may expect that filament would be seriously perturbed and that self-guiding may by
challenged by the Airy prism. Again, this regime is beyond the scope of this work.
III. CONCLUSION
As a conclusion, the Kerr lens induces transverse energy fluxes much larger than the Airy
profile, in any experimental condition representative of the filamentation of high-power,
ultrashort laser pulses in air. This effect is even more marked in water and glass, and even
further in the highly non-linear material CS2. Due to this domination, self-guiding can occur
almost unperturbed within the Airy peak. The curved plasma channels observed within them
8
are therefore genuine self-guided filaments, on which the Airy propagation regime acts like
a decoupled perturbation resulting in a curved trajectory.
IV. ACKNOWLEDGEMENTS
This work was supported by the Swiss NSF, contracts 200021-116198 and 200021-125315.
[1] M. V. Berry and N. L. Balazs, ”Nonspreading wave packets”, American Journal of Physics.
47, 264 (1979)
[2] G. A. Siviloglou, J. Broky, A. Dogariu, and D. N. Christodoulides, ”Observation of Acceler-
ating Airy Beams”, Physical Review Letters 99, 213901 (2007)
[3] I. M. Besieris and A. M. Shaarawi, ”A note on an accelerating finite energy Airy beam”,
Optics Letters 32, 2447 (2007)
[4] J. Baumgartl, M. Mazilu, and K. Dholakia, Optically mediated particle clearing using Airy
wavepackets. Nature Photonics. 2, 675-678 (2008)
[5] P. Polynkin, M. Kolesik, J. V. Moloney, G. A. Siviloglou and D. N. Christodoulides, ”Curved
plasma channel generation using ultra-intense Airy beams in air”, Science 324, 229 (2009)
[6] A. Braun, G. Korn, X. Liu, D. Du, J. Squier and G. Mourou, ”Self-channeling of high-peak-
power femtosecond laser pulses in air” Opt. Lett. 20, 73 (1995).
[7] S. L. Chin, S. A. Hosseini, W. Liu, Q. Luo, F. Theberge, N. Ako¨zbek, A. Becker, V. P.
Kandidov, O. G. Kosareva, and H. Schro¨oder, ”The propagation of powerful femtosecond
laser pulses in optical media: physics, applications, and new challenges” Can. J. Phys. 83,
863 (2005).
[8] L. Berge´, S. Skupin, R. Nuter, J. Kasparian, and J.-P. Wolf. ”Ultrashort filaments of light in
weakly-ionized, optically-transparent media” Rep. Prog. Phys. 70, 1633 (2007).
[9] A. Couairon and A. Mysyrowicz, ”Femtosecond filamentation in transparent media” Phys.
Rep., 441, 47 (2007).
[10] J. Kasparian and J.-P. Wolf, ”Physics and applications of atmospheric nonlinear optics and
filamentation” Opt. Express 16, 466 (2008).
[11] J. Kasparian and J.-P. Wolf, ”Laser beams take a curve”, Science 324, 194, (2009)
9
[12] J. Kasparian, R. Sauerbrey and S. L. Chin, ”The critical laser intensity of self-guided light
filaments in air”, Applied Physics B 71, 877 (2000)
[13] V. Loriot, P. Be´jot, E. Hertz, O. Faucher, B. Lavorel, S. Henin, J. Kasparian, and J.-P. Wolf,
”Higher-order Kerr terms allowing ionization-free filamentation in air”, submitted to Phys.
Rev. Lett.
[14] R. Salame´, N. Lascoux, E. Salmon, J. Kasparian, and J.P. Wolf, ”Propagation of laser fila-
ments through an extended turbulent region”. Applied Physics Letters. 91, 171106 (2007)
[15] S. Skupin, L. Berge´, ”A variational method for extended nonlinear Schrodinger systems”,
Physica D 220, 14 (2006)
[16] Jiansheng Liu, H. Schroeder, S. L. Chin, Ruxin Li, and Zhizhan Xu, ”Nonlinear propagation
of fs laser pulses in liquids and evolution of supercontinuum generation,” Opt. Express 13,
10248 (2005)
[17] P. D. Maker, R. W. Terhune, and C. M. Savage, ”Intensity-Dependent Changes in the Re-
fractive Index of Liquids”, Phys. Rev. Lett. 12, 507 (1964)
10
